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Abstract 

We develop commutator estimates in the framework of Besov-Morrey spaces, 
| which are modeled on Besov spaces and the underlying norm is of Morrey space 

■ rather than the usual L p space. As direct applications of commutator estimates, we 

establish the local well-posedness and blow-up criterion of solutions in Besov-Morrey 
spaces for the incompressible Euler equations and ideal MHD system. Main analysis 
tools are the Littlewood-Paley decomposition and Bony's para-product formula. 
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- ' 1 Introduction 

1.1 Euler equations and MHD system 

In this paper, the one interest is to consider the incompressible Euler equations for perfect fluid 

d t v + (v ■ V)f + VP = 0, (x, t) G W 1 x (0, oo), 

divv = 0, (x, t) E W 1 x (0, oo), (1.1) 
v(x,Q) = Vq(x), x G R n , 



* E-mail: jiangxu_79@yahoo.com.cn 
T E-mail: yzhoumath@zjnu.edu.cn 



1 



where n > 2, v = v(x, t) = (v , v 2 , ■ ■ -,v n ) stands for the velocity of the fluid, P = P(x, t) is the 
pressure, and vq(x) is the given initial velocity satisfying divt>o = 0. 

The other interest is to consider the ideal magneto-hydrodynamics (MHD) system 

' d t v + {v ■ V)v - (b ■ V)6 + Vn = 0, (a?, t)£l"x (0, oo), 
d t b + (v V)6- (b- V)v = 0, (x, t) € R n x (0, oo), 

divv = 0, div6 = 0, (x, t) E M n x (0, oo), [ '> 
k v(x,0) =vq(x), b(x,0) = b (x), xel", 

where n > 2, v = v(x,t) = {v l ,v 2 ,- ■ -,v n ) denotes the velocity of the fluid, b = b(x,t) = 
(ft 1 , b 2 , ■ • •, b n ) denotes the magnetic filed, and II = P(x, t) + ^\b(x, t)\ 2 is the total pressure. vq(x) 
and 6q are the initial velocity and initial magnetic fields satisfying divt>o = and div^o = 0, 
respectively. 



1.2 Related results 

For the well-posedness of the system (jl.ip . there are many results available. Given vq G H s , s > 
1 + n/2, Kato [9] established the local existence and uniqueness of regular solution belonging to 
C([0, T]; H S (W 1 )) with T = T(\\vo\\jjsmn\). Later, various function spaces are used to consider 
the well-posedness for the incompressible Euler equations. Kato and Ponce [1Q] extended the 
result to the fractional-order Sobolev space W s ' p with s > 1 + n/p, 1 < p < oo. Vishik 
|21j showed the global well-posedness in the critical Besov space Bl+ 2/p (R 2 )(l < p < oo). 
Subsequently, Vishik [22J proved the existence (n = 2) and uniqueness (n > 2) result for (jl.lj) 
with initial vorticity belonging to a space of Besov type. In [23], the second author generalized 
the results of Vishik in critical Besov space B^ n/p (l < p < oo, n > 3). Pak and Park [17] 
considered the endpoint Besov space S ( ^ ol (]R n ) and proved the corresponding results. Chae 
[4] studied the case of the initial data belonging to the Triebel-Lizorkin space. Based on [4], 
Chen, Miao and Zhang [6] studied the local well-posedness of the ideal MHD system f) 1 . 2 j) in 
the Triebel-Lizorkin space. Miao and Yuan [16] established the existence results for (|1.2j) in the 
critical Besov space ^+ n/p (M")(l<p<oo). 

For the blow-up criterion of solutions, Beale, Kato and Majda [2] showed a celebrated cri- 
terion for solutions in terms of the vorticity u = V X v, namely, lim sup 4 _>. T ||^(£)||iT s = oo if 
only if Jq* \\u}(t)\\L°°dt = oo. Subsequently, this result is extended to a larger class of solutions 
by replacing the L°° norm by the BMO norm for the vorticity, and H s (W n ) by W s,p (W n ) for 
the velocity in the work [11] of Kozono and Taniuchi. In their continuation work [12], Kozono, 
Ogawa and Taniuchi further give a sharper criterion, which the the BMO norm is replace by 
the Besov space B^ ^ for the vorticity, since the continuous embedding L°° <— > BMO ^ B^ OQ . 
By replacing W s ' p by B^ r for the velocity, Chae [U [5] establish the criterion by the i^ ]00 norm 
for the vorticity. Chen, Miao and Zhang [6] also obtained a similar criterion of (jl.2p by the 
^oo oo norm for lo and V x b. 

Recently, Based on the weak LP spaces L p '°°, R. Takada [20] introduced Besov type function 
spaces Bp]^ , and established the local well-posedness of solutions for (jl.lj) in the weak spaces. 
Following from this line of study, we introduce a class of relatively weaker function spaces, which 
first initialed by Kozono and Yamazaki [13] to obtain the critical regularity for Navier-Stokes 
equations. They are modeled on Besov spaces, but the underlying norm is of Morrey type rather 
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than IP or L p '°° . One calls them Besov-Morrey spaces. So far, there are few results constructed 
in the Besov-Morrey spaces for systems and (II. 2D . The main aim of this paper is to answer 
these problems. 

Before stating our main results, we first recall the definitions of Morrey spaces and Besov- 
Morrey spaces (see [13]) for the convenience of reader. 

Definition 1.1. For 1 < q < p < oo, the Morrey space Mq (W 1 ) is defined as the set of functions 
f(x) G L q loc (R n ) such that 



sup su V r n /P' n l q ( [ \f(y)\ q dy) 1/9 < oo. 



Mg(R n ) ■- 

x £R n r>0 v iS(i ,r) 

Let us remark that it is easy to see that the relation Mq 1 (W l ) C Mq 2 (M. n ) with 1 < q2 < 
qi < P < oc,M$(M. n ) = LP and M™(R n ) = L°°(R n ) for 1 < q < oo. In addition, from [13], we 
know that L p '°°(R n ) C Mq(M. n ) with 1 < q < p < oo. 

Let x{t) e C$°(R) such that < x(t) < l,x(i) = 1 for t < 1 and suppx C [0,2]. Denote 
■FfoKO = X(2- J '|e|) " X(2 1 - J |C|) and ^[^ (0 )](0 = x(|£|) for £ € R n , where denotes the 
Fourier transform of g on R n . Then 

•%>(0)](0 + = 1, for £ G R n ; 

^^•](0 = 1, for (GR n \{0}. 

Given / G 5', where S' is the dual space of Schwartz class S. To define the homogeneous 
Besov-Morrey spaces, we set 

A j f = F- 1 <p j (-)Tf, j = 0,±l,±2,... 

Definition 1.2. For 1 < g < p < oo, 1 < r < oo, and s G M, i/ie homogeneous Besov-Morrey 
space Np q r is defined by 

N;,q, r = {/ G S'/P : ll/H^ < oo}, 

H;,,^ = ((E, e z(2-||A,/|| < r) 1/r , r<oo, 
[ sup igZ 2J s ||A j /|| M P, r = oo 

and "P denotes the set of polynomials with n variables. 

To define the inhomogeneous Besov-Morrey spaces, we set 

f 0, j < -2, 

/^[^K^I/l, J = 0,1,2,... 
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Definition 1.3. For 1 < q < p < oo, 1 < r < oo, and s G M, the inhomogeneous Besov space 
Np qr is defined by 

N^ T = {f£S':\\f\\ N ^ r <^}, 

where 

E~-i(2 J ' s ||A i /|| < r) Vr ', r<oo, 
sup j >_ 1 23 s \\A q f\\ M P, r = oo. 



I/II 



It is not difficult to see that the Besov-Morrey space Np qr and Np qr are the Banach spaces. 
Recall that the standard homogeneous Besov space and inhomogeneous Besov space Bp 
(see, e.g., pQ), where the LP space is replaced by the Morrey space now. 

Main results are stated as follows. 

Theorem 1.1. (1) (Local-time existence) Let 1 < q < p < oo. Assume that s and r satisfy 
s > 1 + n/p, l<r<ooors = l + n/p, r = 1. Suppose that the initial data vq G iV* _ r 
satisfying div^o = 0. T/ien i/iere exisi T\ > anc? a unique solution v of il.l]) such that 

(2) (Blow-up criterion) 

(i) Let s > 1 + n/p and 1 < r < oo. T/ien i/ie local-in-time solution v G C([0, Ti], N£ r ) 
blows up at T* > Ti in N*^^, namely 

limsup |K*)||jv« = oo 
t->T, 



u rx~j . rx~j 



oo; 



(ii) Let s = 1 + n/p and r = 1. T/ien i/ie local-in-time solution v G C([0, Ti], A^^™^ p ) 
-up a£ T* > Ti in A^™^, namely 

limsup \\v(t)\\ N i+n/ P = oo 



if only if / T * ||(V x v)(t)\\go dt = oo. 

oo.l 



Remark 1.1. Since L p (R n ) C T p '°°(IR n ) C MqiW 1 ), we have the continuous embeddings B° r (R n ) 
^ Bp£°(M. n ) Np^^iW 1 ). Therefore, the local existence result contains the previous ones by 
Chae [5], Takada [2U] and Zhou [23]. In addition, due to L°°(IR n ) BMO(R") B° Ji<JO (R n ) = 
T^ DOO (lR n ), the blow-up criterion in Theorem 11.11 can be regarded as an improvement of the 
original Beale-Kato-Majda criterion [2] and a generalization of Chae [5]. 

For the MHD system (11 .2f) . we have the similar result. 



Theorem 1.2. (1) (Local-time existence) Let 1 < q < p < oo. Assume that s and r satisfy 
s > 1 + n/p, l<r<ooors = l + n/p, r = 1. Suppose that the initial data (vq, bo) G Np qr 
satisfying divuo = and divbo = 0. Then there exist T2 > and a unique solution (v, b) of 11.2]) 
such that (v,b) G C([0, T 2 ], JV£,, r ). 
(2) (Blow-up criterion) 
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(i) Let s > 1 + n/p and 1 < r < oo. Then the local-in-time solution (v,b) G C([0, T\], q r ) 
blows up at T* > T2 in N^ q ^ r , namely 

lim sup \\(v,b)(t)\\ N s = 00 
if only i// T *(||(V x v, V x 6)(t)||^ dt = 00; 



(uj Lei s = 1 + n/p and r = 1. T/zen i/ie local-in-time solution (v,b) G C([0, Ti], iV^™ ) 
blows up at T* > T\ in N^ +n / p , namely 



limsup||(f,6)(t)|| i+„/ P =00 

i-S-T* P. 9.1 

j/on/y i// T *(||(V x w,V x 6)^)11^^ = 00. 

Remark 1.2. In the proof of Theorems ll.HfL2l inspired by [H [20], we introduce the following 
particle trajectory mappings 

d t X(a,t) = v(X(a,t),t), 
X(a, 0) = a, 

d t Y(a,t) = (v-b)(Y(a,t),t), 
Y(a, 0) = a, 

and 

d t Z(a,t) = (v + b)(Z(a,t),t), 



(1.3) 
(1.4) 

7 m ( L5 ) 
Z(a, 0) = a 

to estimate the frequency-localization solutions to the Euler equations (II. ip and MHD system 
(|1.2p in the (M ra ) space, respectively. It is worth noting that we handle with the coupling 
effect of the velocity field v{x,t) and the magnetic field b(x,t) in (jl.2j) effectively by (]1.4j) - (ll.5p . 

Secondly, to deal with frequency-localized nonlinear terms, we develop new commutator 
estimates in the weaker Besov-Morrey space JV* q r by the Bony's para-product formula. In 
addition, we should mention the recent preprint |18j . where he has announced the partial content 
(the sup-critical case) of Theorem II .1\ however, the proof of local existence was not available. In 
fact, by the careful investigation, we think the proof is not obvious. More concretely speaking, 
according to the work [23] by the second author, we adopt some revised approximate iteration 
systems instead of that in [4] to construct the local existence of solutions of (II. ip and (II. 2p . 

Remark 1.3. Theorems II . llfl~2l can be regarded as the supplements on the local existence theory 
of the Euler equations and ideal MHD system. However, the global existence of solutions to the 
2-dimension case in the framework of Besov-Morrey spaces still remains unsolvable, which is our 
next consideration. 

At the end of Introduction, we also mention other lines of recent study for incompressible 
Euler equations and MHD system, such as 018] and |24| 25J, where they considered the local well- 
posedness of density-dependent Euler equations and MHD system in several space dimensions. 

The rest of this paper unfolds as follows. In Section [2j we briefly review some basic properties 
of Besov-Morrey spaces. In Section El we give some key lemmas. In particular, we develop new 
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estimates of commutator in Besov-Morrey spaces, which play important roles in the proof of our 
main theorems. Section is devoted to the total proof of Theorem 11.11 Finally in Section [U 
we prove the local well-posedness of MHD system. For brevity, we give the approximate linear 
system and crucial estimates only. 

2 Preliminary 

Throughout the paper, / < g denotes / < Cg, where C > is a generic constant. / « g means 
/ < g and g < /. In this section, we present some properties in Besov-Morrey spaces defined in 
Sect. [Q by using the Littlewood-Paley dyadic decomposition. Indeed, Besov-Morrey spaces share 
many of the properties of Besov spaces, but they represent local oscillations and singularities of 
functions more precisely. For more details, please refer to |131 114j. 

First, we recall the Bernstein's inequality for Mq as for the case of LP spaces. 

Lemma 2.1. Assume that f £ Mf (W 1 ) with 1 < q < p < oo and supp-Ff/] C {2^ 1 < |£| < 
2 J+1 }, then there exists a constant C k such that the following inequalities holds: 

C^V k \\f\\ M P < \\D k f\\ M * < C k 2^\\f\\ M P, for all k € N, 

where J~[f] denotes the usual Fourier transform of f . 

In the Morrey space Mq, since 

U*f\\Mi<cWh4f\\MS 

holds for 1 < q < p < oo, we have the immediate consequence of Lemma 12. 11 

Lemma 2.2. For s G M, 1 < q < p < oo, 1 < r < oo, k G N, and supp7"[/] C {2^ 1 < \£\ < 
2J+ 1 }, there exists a constant Ck such that the following inequality holds: 

C^\\D k f\\ Na < \\f\\^ s+k <C k \\D k f\\ NS . 

p,q,r iy p,q,r ±y p,q,r 

Next we investigate the relation between the homogeneous and inhomogeneous Besov-Morrey 
spaces. 

Lemma 2.3. For s > 0,1 < q < p < oo, 1 < r < oo, the following relations hold: 

II/IIaw ~ II/IIm 9 p + ll/IU«, ir - 

The proof of Lemma 12.31 is standard, see [3] for the similar details. From [13], we have the 
following Sobolev-type embedding lemma. 

Lemma 2.4. For s > 0,1 < q < p < oo,l < r < oo, then 
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Since the embedding relation Bp r L°°,B^ r L°° hold for s > n/p,l < p,r < oo, or 
s = n/p, 1 < p < oo, r = 1, we obtain the following conclusion from Lemma 12.41 

Lemma 2.5. Both spaces N£ (M n ) and (M n ) are Banach algebras for s > n/p, 1 < q < 

p < oo, r € [1, oo] or s = n/p, 1 < q < p < oo and r = 1. 

Finally, we present the Bony's para-product formula to end up this section. For simplicity, 
we state the homogeneous case only. 

Definition 2.1. Let f,g be two temperate distributions. The product f ■ g has the Bony's 
decomposition formally: 

f-g = f f g + f g f + R(f,g), 
where Tjg is paraproduct of g by f, 

j'<j-2 j& 

and the remainder R{f, g) is denoted by 

R(f,g)= ]T AjfAjrg. 
b'-j'l<i 

The para-product of two temperate distributions is always defined, since the general term 
of the para-product is spectrally localized in dyadic shells. However, the remainder may not be 
defined. Roughly speaking, it is defined when / and g belong to functional spaces whose sum 
of regularity index is positive. The reader is referred to pQ for more details on the subject. 



3 Key lemmas 



In this section, we will present some key lemmas, which are used to prove the main results. The 
first one is related to the particle trajectory mapping. 

Lemma 3.1. Assume that f 6 Mq{R n ) for 1 < q < p < oo. // X : a i— > X(a) is a volume- 
preserving diffeomorphism, then 

\\f(a)\\ M v = \\f{X(a))\\ MPq . (3.1) 
Proof. For x Q G R n and r > 0, 3\y G R n s.t. x = X(y ). Then 



\f(a)\ q da = / \f{X{a))\ q det(V a X(a))da 

B{x ,r) Jx-^Bixo^)) 



[ \f(X(a))\«da 



\f(X(a)Wda, (3.2) 
B(yo,r) 
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which implies 

\f(X(a))\«da, (3.3) 



sup supr"/^"/' f \f( a )\ q da= sup supr n / p -"/ 9 f 

c eR" r>0 JB(x ,r) Vo&R n r >® J B\ 



x &R n r>0 JB(x ,r) Vo&R n r >0 J B(y ,r) 

so (|3.ip follows from Definitior j 1.11 immediately. □ 

The next one concerns the logarithmic Besov-Morrey inequality, which is very useful to 
establish the blow-up criterion in the super-critical case. 

Lemma 3.2. []18^1 Let s > n/p with 1 < q < p < oo, 1 < r < oo. Assume f € N£ , then 
there exists a constant C such that the following inequality holds: 

ii/Hl- < c(i + ii/ii B o o , oo aog + \\f\\N U r + !)) • ( 3 - 4 ) 

In order to estimate the bilinear terms, we need the following Moser-type inequalities in 
Besov-Morrey spaces. 

Lemma 3.3. [}18f] Let s > n/p with 1 < q < p < oo, 1 < r < oo or p = r = oo. Then exists a 
constant C such that the following inequalities hold: 

\\fg\\fi. < c(\\f\\ M Pi\\g\\tis + IIs|Im£?II/IIjv« )> ( 3 - 5 ) 

\\fg\\N^ r < c(||/|| Jvf p 1 \\g\\N^ q2r + \\g\\ M P3 ll/IKw)' (3.6) 

and 

WfgWus < C\ 11/11 !v- a \\g\\M B + a +\\g\\N-<* \\f\\M s + a ) (3-7) 

for a > 0, where 1 < q\ < p\ < oo and 1 < q% < p% < oo, such that 

1/p = 1/pi + l/p 2 = l/p-3 + 1/P4, 1/r = 1/n + l/r 2 = l/r 3 + l/r 4 , 

1/g < l/<?i + 1/^2, 1/g < l/g 3 + l/g 4 - 

The last one concerns the commutator estimates, which plays the important role in the 
treatment of frequency-localized nonlinear terms. 

Lemma 3.4. For s > 0, 1 < q < p < oo and 1 < r < oo, i/iere is a constant C such that 

IrtKVA-WU^ <^(||Vi;|Uo O ||0||^. 9ir + llve^i ||«||^ ir ) (3.8) 

ZioWs /or € Np qr with V# G M^ 1 and a// v € ^p 2j(?2i r £ L°° suc/i t/iai divv = 0, 

where 1 < gi < p\ < oo suc/i i/iai 1/p = 1/pi + l/p2 and 1/q < l/q± + l/q2- 
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Proof. By Bony's para-product, we decompose [v ■ V, Aj]6 = K\ + K 2 + K 3 + K A + K 5 with 
Ki = [T v idi,Aj]9, K 2 = -A 3 T di6 v\ K 3 = T d ^ d v\ 

Ki = -AjRiv^diO), K 5 = Riv^diAjO), 

where the Einstein notation was used for simplicity. 

From the definition of Aj, we have the almost orthogonal properties: 

AiAjf^O if \i-j\>2, 

AjiSj-ifAig) = if \i-j\>5. 
For Ki, it follows from the fact divSj^iv = for all j G Z and orthogonal properties that 

= TyidiAjO — AjT v idiO 

= {Sf-i^AjidiAyO) - AjiSj'-itfAfdiO)} 

fez 



= V V n I M^^-y)){s 3 '-iv l (x)-S^ 1 v\y)}d l A j/ 0(y)dy 
\i-i'\<* JR " 

= J- 2^" +1 ) I d l M^^-y)){Sf-iv t (x)-S f . 1 v\y)}A f e(y)dy 

bW'|<4 ^ 1 J 

V 2^" +1 ) / ^ (2 J '(x-y)) / ((x-y)-V)^v_ 1 ^(x + r(y-x))drA J v%)^ 
b-j l<4 

V / 9^o(2) / («• V)S* i /_ 1 t; i (a;-r2-''z)drA j ^(x-2^z)dz, 
. ■,,^ A Jw i Jo 

where we have performed the integration by parts. Then, by Young's inequality in Morrey 
spaces, we obtain 

pTilUfj < C||VH|l~ ||/" |zV^)||A / 0(.-2-^)dz||| M P 

b-/|<4 7r " 

< CUV^IIloo IIA^Hjuj. (3.9) 

b-j'l<4 

For K 2 , it is clear that 



which implies that 



K 2 = - ± j {{S j ,- 1 a i 9)(A j ,v i )} 
b-j'l<4 



mi*. < c Yl ii^-i^ik^iiVii^ 

b-j'l<4 

< C-HVflU^ ^ H A i'«ll««. ( 3 - 10 ) 
b-j'l<4 
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where we used the Holder inequality in Morrey spaces with 1/p = l/p± + l/p2, l/q < l/gi + l/^ 
and 1 < q\ < pi < oo. 

For K3, note that Sji-idiAj6 = 0, if f < j, we may rewrite 

K 3= E (Sf^diAjexA^), 

Then the Holder inequality gives 

ra*f < E 11^-1^11^11 a^ii <2 

< c||v^IIm 9 7 E HVllwg- ( 3 - n ) 

For K4, by the definition of R, we may rewrite 

iT 4 = -A,{E E (A^)(A^0)} 

i'ez L?WI<i 

= - E E A i {(A J ,^)(A J „a^)}, 



max(j',j")>j~2 \j-j'\<l 



which yields 



u^ik ^ E E ii^wii<iiAi'«'ii*g 

max(i',j")>j-2|j-j'|<l 

< C||V0|U,7 E UVH< 2 - (3-12) 



'91 



For the last term iTs, it holds that 



Then, we get 



K * = E E (Ai^xA^A^)} 

j'ez \j-j'\<i 

= E E {(A^xa^a^)}. 

|j-j'l<2b-i'|<i 

ll^slk ^ E E llAi^A^ll^illA^n^ 
b'-j'l<2b'-j'|<i 

< CHV0|| M m E H A i'«llAfg- ( 3 - 13 ) 

j'>j-2 

Together with these estimates (|3.9p - (|3.13p . we conclude that 

llb-^A^iu, < ciivwiu- E llA^llMf + cilveil^ E H A ;Hkf 

b'-i'|<4 b-i'l<4 
+C|V^|U« E \\A f v\\M%- (3-14) 



J 9l 

j'>i-2 
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Finally, we apply the Young inequality for sequences to get (|3.8p immediately, where s > is 
required. Thus we complete the proof of Lemma 13.41 □ 



Lemma 3.5. For s > — 1, 1 < q < p < oo and 1 < r < oo, there is a constant C such that 



\2i s \\[v-V,K 3 ]6\\ M A\ r <C(||Vu|| L 



Xrs + " \\M Pl \\ v \\n s+1 



(3.15) 



holds for all 9 £ ^p,q,r ^ -^91 an d a ^ v ^ ^p^q 2 ,r with Wv € L°° such that divv = 0, where 
1 < gi < pi < oo such that 1/p = l/p± + l/p2> l/'Z < l/<Zi + l/<?2- 

Proof. As in the proof of Lemma 13.41 we decompose 

[v ■ V, Aj]9 := K l + K 2 + K 3 + K 4 + K 5 , 

The estimate of K\ is still valid, however, different estimates and needed for K 2 , K$, K4 and K§. 
For K 2 , since divAj/v = for all f € Z, by integration by parts, we have 



et 2 = - ^{(Sf-imiA^ 1 )} 

b-j'l<4 

= - J] 2 ' n / W@(x- V ))(S f - 1 a i 0)(y)A j ,v i (v)dv 

b'-i'l<4 

= V 2>2>' n / d m (y{x-y))(S j> - X e){v)L j tf{v)dy 
b'-i'l<4 7/ '" 

V 2 j [ d i (p (z)S r - 1 e(x - 2~ j z)A j ,v\x - 2- j z)dz 



|J-J''I<4 

Then by Young's and Holder inequalities in Morrey spaces, we obtain 



\\K 2 \\ m p < 23 

b-i'l<4 

< c Y ^'IKfy-iWA 



d i ip (z)Sf- 1 e(- - 2- j z)A f v i (- - 2- j z)dz 



Ml 



j' v )\\M% 



b-i'l<4 

< c\\e\\ M % Y 2J W^ 

b'-i'l<4 



>' w 1 1 Mo- 



using the Bernstein's inequality, we proceed K% as follows: 

\\K 3 \\ m p < Y W S 3'-l d i^3 e \\M% IIA?' U 1a< 2 



< C ^ 2 J ||A 



^HM^II A i'' u II m£ 



(3.16) 



(3.17) 
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For K4, we have by integration by parts 



k 4 = - E 23n I ^(x-y)){^ t )(y)(^"d l e)(y)dy 

max(i'J")>j-2|j'-j»|<l jRn 

E 2j2jU [ ^V0(2 i (x-y))(A i ^ i )(y)(A i ^)(y)dy 

— — / R« 



max(i'j")>i-2|i'-i"|<l 



max(j',j")>j-2|i'-i"|<l 

which leads to 



E E 2j / ^(«)(A J vt; i )(a;-2- J 'z)(A i //0)(s-2-^)d2 

— J — ^ / 

/ n"\-^>4 — \i' — 'i"\<A • ,Jt 



ll^iUi < E E 2 i(^)(V0)ik 

max(i',j")>j-2|j'-j"|<l 

< cii^ii^ E ^'iiViij-g- ( 3 - 18 ) 



J 91 

i'>j"-2 



For the estimate of -K5, we recall 



^5= E E {( A i'^)(V^ A ^)}- 

li-i'|<2 U-i'|<i 



furthermore, we get 



n^siUf < E E \\^j" d i^3 e \\M p q i\\^i iv H >e 

|i-i'|<2 tf-j'|<i 



J <?1 " J " J "<J2 

li-i'l<2 



< CTHflll^ J]) 2i HVlk- (3-19) 
|i-i'|<2 



From these inequalities (|3.9p . (|3.16|) - (|3.19j) . we are led to 

IIKVA-]0lk ^ ciivuikoo 53 iiA^iUp + cii^U: 53 2^||A^|| <2 



b-j'i<4 91 b-j'i<4 



+C\9\\ Mll ]T ^llVlljug. (3-20) 
j'>i-2 



which implies that 

\\y s \\[vV^M\Mv\\r <c(\\Vv\\ L ~\\e\\x +\\0\\m%\HnP\ ) (3-21) 

where s + 1 > is required. This just the inequality (]3.15p . Hence the proof of Lemma I3~5l is 
finished. □ 
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4 Proof of Theorem 



1.1 



In this section, we begin to prove Theorem 11.11 with the aid of key Lemmas 13.1113.51 The proof 
is divided into several steps, since it is a bit longer. 

Step 1: The linear equation of U.l\) 



Consider the linear transport system as in |23j : 

d t v + (w • V> + VP = 0, 

divv = 0, (4.1) 
v(x, 0) = vq(x). 

Then we have following local existence result for (|4.ip . which will be proved in the last step. 

Proposition 4.1. Assume that divu> = 0,w € L°°(0,T,Np qr ) for some T > 0, s > 1 + n/p, 1 < 
q < p < oo, r € [1, oo] or s = 1 + n/p, 1 < q < p < oo and r = 1. TTien /or any vq € Np qr 
satisfying divuo = 0, i/iere exzsis a unique solution v £ C([0,T]; Np q r ) to the linear system 
$i4-l\ )- And consequently, VP can be determined uniquely. 

Step 2: Approximate solutions and uniform estimates 

The proof of main theorem depends on the standard iteration argument. To obtain the 
approximate solutions, we first set v° = and then define {v m+1 } as the solutions of the 
following linear system 

Q tV m+l + ( v m . V)u^+1 + VP m+1 = 0, 

chW™ +1 = 0, divt> m = 0, (4.2) 
v m+1 (x,0)=S m+1 v o (x), 

for m = 0,1, 2, .... In [4J, Chae took a similar (not same) iterative system to construct the local 
solution. But unfortunately, the linear system (3.32)-(3.33) on p. 671 of [1] is unsolvable, since 
the system itself lacks consistence. 

If we have the uniform estimate for the sequence {v m } by induction, which satisfies the 
assumptions in Proposition 14.11 then the system (I4.2p can be solved with solution {v m+1 }. 

For that purpose, we turn to derive the uniform estimates of solutions. Applying the homo- 
geneous operator Aj(j € Z) to the first equation of (|4.2j> . we have 

d t AjV m+1 + (v m ■ V)A jV m+1 = [v m ■ V, Aj]v m+1 - AjVP m+1 . (4.3) 

Define by {X m (a,t)} the family of particle trajectory mapping as follows 



d t X m (a,t) =v m (X m (a,t),t), 
X m {a,0) = a. 



(4.4) 



Note that divf m = implies that each a i— >■ X m (a,t) is a volume-preserving mapping for all 
t > 0. It follows from the particle trajectory mapping that 



d 



6,^ + („™ • ^ = S A,„".«(A-(„, t ). t , (4.5) 
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which gives 



\A jV m+L (X m (a,t),t)\ < \A j v m+l {a,0)\ + / \A j VP m+1 (X m (a,T),T)\dT 

Jo 

+ [ \[v m ■V,A j ]v m+1 (X m (a,T),T)\dT. (4.6) 
Jo 

Taking the Mf norm (1 < q < p < oo) on both sides of (|4.6p . with the help of Lemma 13.11 we 
get 



IA^+^IIm? 



< WAm 



m+l 1 



P + C I WAjVP^Hr^dr 



i u o \\m 



+C / \\[v m -V,A 3 ]v m+1 (r)\\ MP dr. 
Jo 



(4.7) 



Then, we multiply both sides by l? s and take the £ r norm, and use Minkowski's inequality to 
obtain 



m+l 



A f 4 



< V, 



m+l II 
\\N» 



+ C I ||VP m+1 (r)||^ dr 

p,q,r 



+C 



2^||^ m .V,A> m+1 (r)|| MoP 



dr. 



V 



(4.f 



Thanks to the commutator estimate in Lemma 13.41 by taking p\ = oo and q\ = qi = q, we 
have 



\\2^\\[v m -V,A J ]v m+ \r)\\ M , 

< c(\\Vv m \\ La o\\v m+1 \\^ + ||Vt> m+1 || Loo ||u m ||^ ) 

V p,q,r P,q,r/ 

< C\\v m \\^ s \\v" 



.m+l i 



I ATS , 
p,q,r 



(4.9) 



where we have used the Sobolev embedding relations N£~\ ^+ L°° for s > n/p + 1,1 < q < p < 
oo, 1 < r < oo or s = n/p + l,l<g<p<oo and r = 1. 

Next we turn our attention to the estimates for the pressure term. Taking the divergence 
on both sides of (14.21). we have 



_ Apm +1 = diy ^m . v^m+l ( 410 ) 

which implies 

didjP m+1 = RiRjdiviv™ ■ V)v m+1 , (4.11) 
where Ri(i = 1,2, ...,n) are the n-dimensional Riesz transform. Since divv m = 0, we obtain 



div(u m • V)v m+1 = Y, d k vrd t v™ +1 = di{d k v7vk +l ) 



(4.12) 



k,l=l 



k,l=l 
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Thus, by Bernstein's lemma, we arrive at 

n 

\\vr m+1 \\ N s q , r < ^En^ pw+1 ik- 



i,jr',fe,i=l 



< c £ ii^r^u 



Z- 1 1 7V S — 1 

iy p.q.r 



,m+l| 

fc,Z=l 

m+l|| . I II Y7„ II llY7„, m l 



< crilV^llL-HV^II^-i + llV^lli-HV^II^-i 



< C||iH*. |k m+1 ||^ , (4.13) 



I IV s II II /V s ' 

p,q,r - 1 "p,q,r 



where we have taken p\ = p% = oo, P2 = Pi = P and (71 = ^3 = 00, (72 = </4 = <? in Lemma 1331 
It follows from (|Oj) . and (jUDg) that 





< ^NIUj,,, + C T IKWII^JI^WH^rfr. (4.14) 



Moreover, in order to show the estimate in the inhomogeneous Besov-Morrey spaces Np^ r , 
we need to bound \\v m+ (t)||^|- Similarly, we have 

\v rn+1 (X m (a,t),t)\ < \v m+1 (a,0)\+ f |VF m+1 (X">, r), r)|dr. (4.15) 



Furthermore, from Lemma |3. 11 we get 

\\v m+1 (t)\\ M r < ||^ m+1 (0)|| A/gP + C jf \\VP m+1 (r)\\ M rdr, (4.16) 
where the pressure can be estimate as follows 

n 

||VP m+1 || M? < c^||v(-A)- 1 a fc {(t; m .vK m+1 } 



Ml 

m+1 1 
m+1 1 

< C\\v m \\ N s \\v m+1 \\ NS (4.17) 

— 11 || -'*D.o.r 11 11 v.a.r v> ' 



fe=i 

< c||K-vx +i |U f 

< C\\v™\\ m \\Vu--- u 

,m+l 

1 < 

p,q,r 



Substituting (|^7T7|) into P~T6]) . we have 

IK +1 (*)|| M ? < C\\v(0)\\ MS + C I \\v m (r)\\N la Jv m+ Hr)\\ N s qr dr. (4.18) 
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Therefore, adding (|4.14p to (|4.18p together, by Lemma 12.31 we are led to the inhomogeneous 
space estimate 



\v 



"'" 1 " Ml ^„ r < C\\v \\ N ^ r+ C / ||z; m (r)||^J|t; m+1 (r)||^ r dr. (4.19) 



It follows from Gronwall's inequality that 

\ N ;, q , r < C\\vo\\ N >, ttr exp (C f \\v m {r)\\ N s q r dr) , (4.20) 



\ v m+l 



where the generic constant C > maybe depend on n and p, q, but it is independent of m. 
Therefore we can obtain the uniform estimates by induction. 
In fact, we take G\ > such that 

II II <r Cl 
\\vo\\N» tllir < 

then the following inequality holds 

n^N^^C!, (4.21) 

for all m > 0, provided that T\ > (independent of m) is sufficiently small. 

(|4.2ip can be shown easily by the standard induction. First, it is true to for m = 0. Suppose 
(|4T2T|) holds for m > 0, it follows from P~2TJ|) that 



\ v m + 1 



N», q , r < Y ex P ( C £ IKWIU^A) < ^exp(CC 1 T), for t G [0,T]. (4.22) 



Hence, (|4.2ip holds, if we choose T\ > so small that exp(CCiTi) < 2. Moreover, T\ is inde- 
pendent of m. 

Step 3: Convergence and existence 

To prove the convergence, it is sufficient to estimate the difference of the iteration. Set 

u rn+l = v m+l _ v m ^ VII m+1 = VP m+1 - VP™. 

Then we take the difference between the equation (I4.2p for the (m + l)-th step and the m-th 
step to get 

Q tU m+l + . v)n m+1 + (u m • V)v m + Vn m+1 = 0, 

divn m+l = 0) divv m = Q) ( 423 ) 

■u m+1 (x,0) = S , m+ iw (2;) - S m v (x) = A m v (x). 
Taking Aj(j € Z) on the first equation of (|4.23p . we obtain 

d t A jU m+1 + {v m ■ V)A jU m+1 = [v m ■ V, A> m+1 - Aj{{u m ■ V)v m ) - AjVn m+1 . (4.24) 
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By the definition of X m , similar to (|4.6p . we arrive at 

\A jU m+1 (X m (a,t),t)\ 

< \A jU m+1 (a,0)\ + f \[v m ■V,A j ]u m+1 (X m (a,r),r)\dT 
Jo 

+ [ \A j ((u m -V)v rn )(X m (a,r),T)\dr + f \A j VU m+1 (X m (a,T),r)\dT. (4.25) 
Jo Jo 

With the help of Lemma 13, 1\ we get 
\\A jU m+1 (t)\\ M , 
< ||A,n m+1 (0)|| M , + £ \\[v m ■ vM^WWupdr 

+ jT ||A,((« m • V)v m )(r)\\ M pdr + J* \\A,VU m+1 (r)\\ M rdr. (4.26) 

Multiplying both sides by 2^ s ~ 1 ^ and taking the t r norm, it holds that 



|« m+1 (*)IU-i 

1 x ' " iV p,g,r 



< ||n m + 1 (0)||^ lr + f 2^- 1 )||K.V,A J > m+1 (r)|| M? r/r 

« 

+ jT ||(u m • V)^(r)||^- V dr + jT ||Vn m+1 (r) ^.-idr 
= : I + II + III + IV. (4.27) 
From Bernstein's inequality, we have 

1= HA^CzJHtf.-i <C2- m ||A mUo (x)||^ <C2- m ||uo(x)||^ . (4.28) 
For the estimate of 7T, we have by Lemma 13.51 (taking p% = oo and qi = q2 = q) 

II < C t (\\Vv m (T)\\ L ~\\u m+1 (T)\\^ -i+\\u m +\r)\\ L ^\\v m (T)\\^ )dr 



< Cj \\ir(T)\\^Ju^\T)\\j^.*r. (4.29) 



o 



For the estimate of III, it follows from Lemma 13.31 that 

in < c /"* (||^(^)IUoo||v^(^)||^-i. + lIv^^ii^H^c^ii^-xJdT- 

" 

< C f \\u m (r)\\ N; lr \\v m (r)y s dr. (4.30) 
We can estimate Vn m+1 as follows. From f|4.23j) . it follows that 

_ An m+1 = diy ^m . V ) n m+1 + div ( n ™ . V )t> m , (4.31) 
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which implies that 

didjU m+1 = RiRjdiviv™ • V)u m+1 + RiRjdiviu™ ■ V)v m . (4.32) 
Thanks to divt;" 1 = 0, we have 



div(v m ■ V)u m+l = £ dkvTdml +l = di(d k v?uZ +1 ). (4.33) 



k,l=l k,l=l 

Hence, by Bernstein's inequality, it holds that 



rm+l I 



ATS-2 

1 " p,g,r 



n 



fc,/=l 



^ / II Y7„ , m I IL, m +l|l I IL, m +l|l IIV7„, m ll 

< O VU Loo ti Urs-i + \\U Loo Vf krs-i 

l || -i"p,q,r ±'p,q,r 

+cf||u m || L oo||Vi; m ||^^i +||Vt; m || L oo||n m |U s -i N ) 

< C|K||^ + K%. (4.34) 

iv p,g,r Jv p,q,r iv p,q.r Jv p,q,r 

where we have taken pi = j?3 = oo, P2 = P4 = P arid (71 = 93 = 00, (?2 = 94 = <? in Lemma [3731 
Furthermore, we have 

IV < cf\\v m {r)\\^ \\u m+ \r)\\^dT + C f \\v m {T)\\^ s \\u m {r)\\^ dr.(4.35) 

Taking the summation of (j4.27|) - ([4.30|) and (|4.35p . we conclude that 
||u m+1 (t)|[ 

< C2~ m \\vo(x)\\N^ r + C I |K(r)|U. JK+V)|U sl > 



I /V s - 1 

1 * p,q,r 



r)||^-i r dr. (4.36) 



+ C / ||f m (T)||^ |K(l 

Following from the similar procedure of estimate leading to (|4.16p , we get 

IK +1 (*)|| M? < C\\u m+ H0)\\ M r +C J\\(n m ■V^ir^dr 

+C j\\VU m+1 (r)\\ M Pdr, (4.37) 

where the terms in the right side of (|4.37p can be estimated as 

\ MS = \\A m v \\ M P < C2- m ||Vt; || A/ , < C2- m \\v \\ N s , (4.38) 
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f\\(u m -V)v m {T)\\ MPq dr < C f \\Vv m {r)\\ L ^\\u m {r)\\ MPq dT 
Jo Jo 

ft 



< Cf ll^WHiv^JI^WII^dr (4.39) 

J 



and 



||vn- +1 || M P < ^||v(-A^(( u m+1 .vK m )|| 



k=l 



+ ^||v(-A~ 1 )d fc (( u m -vK m )ll< 



fe=i 

< C\\(u m+1 ■ V)v m \\ M P + C\\(u m ■ V)v m \\ MPq 
m+l i 

lq II llJWg 



< C\\v m \\ N s(\\u m+1 \\ N s^ + \\u m \\ N s-i). (4.40) 



< C\\Vv m \\ L ~(\\u m ^\\ M * + \\u m \\ M r) 

8 _! + ||ti m || 

Therefore, from (|4.37j) - (j4.40p . we deduce that 
IK +1 (*)IIm? 

< C2- m ||t; ||^ r + C7 jT* ||« m (T-)|| Jv .. ir (|]u OT+1 (i-)|| i «-i + H^Ct)!!^-!.)^. (4.41) 



Combining (|4.36p and (|4.4ip gives 

< C2-™ \\v \\ N s iqr + C /** II at- dlt*"^ 1 (t-) || j^-x. + (4.42) 

J 

for t G [0,T], which yields 

IK +1 (0IU*-i 

1 l /^/^ TML I 



< CC'i2- m - 1 + C'C'iT||it m + 1 ||_ ws - M + CCir||« m |L ooWS - M , (4.43) 



where Ci is the constant obtained for the uniform estimate. Furthermore, if we choose T\ > 
sufficiently small so that CC\T\ < 1/4, then 



| u m+li 



if? (Np tq l r ) 



< CCtf— 1 + ^llti^ 1 !!^^) + In-iN^y (4-44) 



which leads to 



CO 

ll^ +1 |l^ iW -)< V' ™ = M,2,.... (4.45) 

Due to (|4.45p . it is clear that ||u m+1 || ioo ^s-i ^ — > 0, as m tends to infinity. Therefore, there 
exists a limit v G C([0, Ti]; N^ r ) such that u m (i) -> v(t) uniformly for t € [0,Ti] in 
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Moreover, it is easy to see that v is a solution of (jl.ip . Indeed, v € C([0, Ti]; N£ ). This 
completes the proof of the local existence part. 



Step 4: Uniqueness 

Suppose that v\ and v 2 are two solutions of (jl.ip with the same initial data. Set 

5v = V\ — V 2 ■ 

Then we get 

d t 5v + {vt ■ V)5v + (5v ■ V)v 2 + Vn = 0, 

divui = 0, divv 2 = 0, (4.46) 
v{x,0) = 

where II = Pi — P 2 with the associated pressures with v\ and v 2 , respectively. We follow the 
strategy to derive the inequality fj4.42f) to obtain 

II HI Z~ (TV*" 1 ,.) 

< CTi \\v! IU^(jv»,, r ) II 6v \\l ¥i (n;-\) + CT i 11^2 11^(^)11^11^(^-1^ 

< 2(7^^11^11^^), 1 (4.47) 

where C\ > is the constant obtained by the existence part. So if we choose T\ > such that 
CCiTi < 1/4, then 

IIHIi-(Ar-V) < ^II^IIl-^-V)' ( 4 - 48 ) 

which implies 5v = for any t € T±, i.e., t>i = for any t £ T\. 
Step 5: Blow-up criterion 

Suppose that v is the solution of ([Lip in the class C([0, T]; Ni qr ). As shown by [15], for 
the divergence free of we have the relation between the gradient of velocity and vorticity 

Vt; = V(u) + Aoj, (4.49) 

where V is a singular integral operator homogeneous of degree — n and A is a constant matrix. 
By the boundedness of the singular integral operator from B^ ^ into itself [19J, and Lemma 
we get 



IV^Hloo < C(l+||Vu|U (log + ||Vu||«--i +1) 

< Cfl+Mfr Jlog+ \\v\\ NSar + 1)) ( 1-50) 



^oo ,oo 



for s > 1 + n/p. 

As (|4,19p previously, we obtain similarly 



u (*)lk >q , r <C\\vo\\ NUr +C [ ||Vu(r)|| L oo||t;(r)||j V . eiP dr. (4.51) 

J 
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Substituting (|4T50|) into (j4"3T]) to get 

1 1 ^ ( ^ ) || -^Vt) n.r 



— II u ll J *p,<j,r 

which implies that 

IK*)IU* < Ca||wbI|jv-„ exp 



(l + ||^(r)||^_ oo (log + ^(r))!^ + 1)) \\v(r)\\ N , q>r dT, (4.52) 



C 3 exp C 4 / (l + ||w(r)|U )dr 



(4.53) 



by GronwalPs inequality. Here C2,C3 and C4 are some positive constants. Therefore, if 
limsup t _>. T *_ \\v(t)\\ N s = 00, then L T ||o;(t)||oo dt = 00. 

On the other hand, it follows from Sobolev embedding N£ ^ L°° B^ ^ for s > 1+n/p 



that 



Jo 



CO 



dt< / ||Vt?(i)||i<x.(Zt < T* sup 
Jo te[o,T*] 



(4.54) 



Then \\uj{t)\\^ Q dt = 00 implies that limsup t _ >T *_ ||^(t)||jV| 9r = °°- 

Besides, for s = 1 + n/p, since 1 ^ L°° and the singular integral operator V is bounded 
from B^ 1 into itself, we have 



II Vull L°o < CII Vfll ro <C||w||ro • 
Substituting (I4.55j) into (14.5ip . we have 

IK*)llw£ 9 ,r - ^NH^r +C< / ll W ( T )llBO )1 ll i; ( T )ll-iY?,,,r dT ' 

« 

Then GronwalPs inequality gives 

l|u(t)l|jvj,,, r < C5||uo||iv P v r exp (c 6 / Wu^W^^rj 

J ' 

for some positive constants C5 and Cq. 



(4.55) 



(4.56) 



(4.57) 



On the other hand, it follows from the Sobolev embedding Npj^i ^ 1 that 



\\0J 



00 , 1 



r 



dt < I \\S/v(t)\\ N „/p dt < T sup \\v(t)\\ M i+ n / P . 



t€[0,T] 



JV 



(4.58) 



(|4.57p - (|4.58p implies the blow-up criterion for the case of s = 1 + n/p. 
Step 6: Solve the linear equations 

To finish the Proof of Theorem 11.11 what left is to solve the linear equations (14. ip . Our idea 
is to approximate (14. ip by the linear transport equations. First, we see that ()4.ip is equivalent 
to the following system 

' d t v + (w ■ V)v + VP = 0, 

< -AP = div((w ■ V)u), (4.59) 
k v(x,0) = v (x),divv = 0, 
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which can be approximated by the following linear transport equations 

' d t v n+1 + (w • V)v n + VP n = 0, 

< -AP n = div((wVK), (4.60) 
^ v n+1 (x,0) = S n+1 v . 

The existence theorem for (|4,60p is well-known for each n. To prove the solvability of (|4.59[) . 
it is suffice to prove the uniform estimate for the sequence {u n+1 } in the Np qr framework and 
the Cauchy convergence of the corresponding sequence. Indeed, This depends on the following 
a priori estimates for fj4.60f) . which can be shown in a similar manner with (I4.14p and (|4. 18H . 
Precisely, 

\\v(t)\\xs < C\\vo\\fi. +C f \\VP(t)\\ ns dr + C [ ||2^ s ||[«;-V,AXr)|| M p|| r dT 

p,q,r "PiQiV Jq Jq y 



and 



< C||^o|| +C HHItv* \\ v \\n° dr ( 4 -61) 

p,q,r / n iy p,q,r iy p,q : r 



Ht)\\ M P < C\\V \\ M P+Cj \\VP(T)\\ M PdT 

ft 



< C\\v \\ m p + C ! \\w\\ NUr \\v\\^dT. (4.62) 
Hence, we easily arrive at 

ll^f^H/v* < C ll^o II + C \\w\\ms \\v\\n s dr. (4.63) 

J 

Applying Gronwall's inequality on ()4.63p to get 

IK*)kv ^ ciKlk p% , r ex P ( c ( IH*)lk ? ,^), * g M. (4.64) 



Having the a priori estimate (I4.64D . the existence and uniqueness of solutions for the system 
(|4.59p can be obtained by the approximate solution sequence {v n+1 } of (|4.60p . This finished the 
proof of Proposition 14.11 

Above all, we complete the proof of Theorem 11.11 eventually. 



5 Proof of Theorem 1.2 



In the similar spirit, we can prove the Theorem 11.21 In comparison with the Euler equations 
(jl.ip . it is suffice to handle with the coupling between the velocity field and magnetic field in 
the MHD system (jl.2p . Therefore, we only give the crucial estimates for conciseness. First, we 
consider the linear equations of MHD system: 

d t v + {w ■ V)v - (a • V)6 + Vn = 0, 
d t b + (w ■ V)6 - (a • V)u = 0, 
divf = 0, divfe = 0, 
v(x,0) = v (x), b(x,0)=b . 

For (15.ip . similar to the Proposition 14.11 we have 



(5.1) 
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Proposition 5.1. Assume that divw = diva = 0, (w,a) G L°°(0, T, N£ ) for some T > 0, s > 
1 + ra/p, 1 < g < p < oo, r G [l,oo] or s = 1 + n/p, 1 < q < p < oo and r = 1. T/ien for any 
(vQ,bo) G ^p, q ,r an d divuo = div6o = 0, i/iere existe a unique solution (v,b) G C([0, T]; Np >qr ) to 
the linear system §5. And consequently, VII can be uniquely determined. 



Based on Proposition 15. H we construct the following approximate linear system of (|1.2j) 
' d t v m+l + {v m ■ V)v m+1 - (b m ■ V)6 m+1 + Vn m+1 = 0, 

dtb m+l + ( v m . V ) 6 m+1 _ Qfn . V ) v ™+1 = Qj 

divu m+i = divt; m = o div6 m+1 = div6 m = 0, ^ ' 



v, 



m+1 



5 m+ iu (x), 6, 



m+1 




Sm+lbo- 



for m = 0, 1, 2, where we set v° = b° = 0. 

In what follows, we give the uniform estimates for approximate solution sequence {(v m+1 , b m+1 )}. 
Indeed, we perform Aj{j G Z) on the first two equations of (|5.2p to get 



d t A jV m+l + (v m ■ V)Aj 



m+1 



(o m • V)A i 6 m+1 



[f m • V, Aj> m+1 - [b m ■ V, Aj]6 m+1 - AjVU m+1 , 

d t Ajb m+1 + (v rn ■ X7)Ajb m+1 - (b m ■ V)Ajt> m+1 
= [v m • V, Aj]b m+1 - [b m ■ V, Aj]v m+1 . 



(5.3) 



To deal with the coupling of v m+l and 6 m+1 , similar to the particle trajectory mapping {X m (a, t)}, 
we define {Y m (a,t)} as follows 



d t Y m (a,t) = (v m -b m )(Y m (a,t),t), 
Y m {a,0) =a. 



(5.4) 



Note that div(v m — b m ) = implies that each a i— > y m (a,t) is a volume-preserving mapping for 
all f > 0. So it follows from the particle trajectory mapping (15. 4p that 



a t A i (y m+1 + 6 m+1 ) + [(i; 
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(i,t)=(y m («,t),t) 



^A> m+1 + & m+1 )(y m (a,i),i) 



(5.5) 



which yields 



l A j(^ m+1 + b m+1 ){Y m {a,t),t)\ 

r-t 



< \Aj(v 



+ 



m+1 + 6 m+1 )(a,0)| + / \A j VIl m+l (Y m (a,T),T)\dT 



m+1 (xrm ( 



V,A J }v m+1 (Y m ( a ,r),T)\dr + 



^,A J )b m+l (Y m (a 1 r),T)\dr 



■ f\v 

Jo 



+ I \[v m -V,A j ]b m+1 (Y m (a,r),T)\dr + / | [b m ■ V, A> m+1 (Y">, r), r)|dr. (5.6) 



m+1 i-w-mi 
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As (|4.14p . we deduce similarly 
\\v m+1 (t) + b m+1 (t)\\^ 

,m+l 



< H 
+c 



o hat, 
t 



o 



+C 



s +\K +1 Us +C f ||Vn m+1 (r)||^ dr 
2^||K.V,A,]6 m+1 || M , 



dr + C 



2^||[6 m .V,A J ]6 m+1 (r)|| < 



dr + C 



o 



2^||[6 m .V,A,]^ +1 || M P 



dr, 



< v, 



m+l I 
\\N 



s +\K +1 \\n* +c /Vn m+ V)IU* ^ 

p,q,r ±, p,q,r J q - 1 " p,q,r 



+C I (\\v m (r)\\ Ns +||6 m (r)||^ )(|k m+1 (r)||^ + ||6 m+1 (r)||^ )dr, (5.7) 



where we have used the commutator estimate in Lemma 13.41 

From (JO]), it follows that An m+1 = div((u m • W)v m+l - (b m ■ V)b m+1 ) , which implies 



-ii^div^" 1 • V)v m+1 - (b m ■ V)6 
Since divv m = div6 m = 0, we have 



m+l 



div(z; m • V)v m+1 = dkvTdiv^ +l = ^ 8i{d k v\ 



m ,m+l \ 



V 



k,l=l 



k,l=l 



and 



div(6 m • V)6 m+1 = d k bTdib™ +1 = di{d k bTb™ +l ). 



(5.8) 



(5.9) 



(5.10) 



k,l=l 

Hence, by Bernstein's inequality, we have 

n 



k,l=l 



ivn 



m+l I 



< C\\i? 



.m+l I 



iN2 



+ IIHU \\b m+1 \\ 



(5.11) 



Substitute (IBTTT]) into ([5ZD to get 



|i; m+1 (t) + 6' 



m+l 



A" 



m+l I 

o \\m 



m+l I 



+ C / (|K(r)||rf. +||& m (r)|| iVS ) 



x(||^ m+1 (r)|U s +||6 m+i (r)|| JVS )dr. 



m+l / 



(5.12) 



Next, we turn to estimate the Mq norm. With the help of the particle trajectory mapping 
5.4p . we obtain 

\(v m+1 +b m+1 )(X m (a,t),t)\ < \(v m+1 + b m+1 )(a,0)\+ f |Vn m+1 (Y">, r), r)|dr. (5.13) 

J o 
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Furthermore, it follows from the fact det \/ a Y m (a, t) = 1 that 

\\(v m+1 +b m+1 )(t)\\ M r 

< |K +1 + 6- +1 || m p + C^ (II^H^jIIV^IIlco + \\b m \\ M v\\Vb m+l \\ L ~)dr 

< \K +1 \\m> + \K +1 \\m> 

+C f (II^WH^JI^+^t)!!^ + ll^WII^JI^WIU.Jdr, (5.14) 



where we have used the Lemma 12.51 

Adding ()5.14j) to ()5. 12[) together, we arrive at 

\\v m+1 {t) + b m+ \t)\\ NUr 
< NIU pW + \\bo\\N^ r +C j\\\v m (r)\\ N s qr + \\b™(T)\\ Nl J 

H\\v m+1 (r)\\ N s qr + \\b m+l (r)\\ N s qr )dr. (5.15) 
Besides, We define by {Z m (a,t)} the family of particle trajectory mapping 



d t Z m (a,t) = (v m + b m )(Z m (a,t),t), 
Z m (a,0) =q. 



(5.16) 



Note that div(t> m + b m ) = implies that each a i— > Z m (a, t) is a volume-preserving mapping for 
all t > 0. It follows from the particle trajectory mapping ()5. 16j) that 



dtAjiv" 1 ^ - b m+l ) + [(v m + b m )- V]Aj(^ m+1 - b m+1 ) 



(x,t)=(Z m (a,t),t) 



= J^A> m+1 -b m+1 )(Z m (a,t),t). (5.17) 

Similar to (|5.15p . we can deduce that 

\\v m+1 (t)-b m+1 (t)\\ N s qr 

< \\vo\\N^ r + \\bo\\N lq , r + cj\\\v m (T)\\ NUr + \\b m (r)\\ N ^ r ) 

x(IK +1 (r)lk^ + \\b m+1 (r)\\ N ^ r )dr. (5.18) 
Together with (|5. 15j) and (|5.18p . we conclude that 
ll^ +1 (*)lk^ r + ll^ +1 (*)lliv W 
< C\\v \\™+C\\b Q \\ N .+C [\\\v m (r)\\ N s r + \\b m (r)\\ N s r ) 







x(\\v m+L (r)\\N^ r + \\b m ^(r)\\ N sJdr. (5.19) 
By using the Gronwall's inequality, we get 

\v m + Ht)\\ N S qr + \\b m+1 (t)\\ N S qr 

< c{\\v \\N^ r + \\b \\ N ^ r )exp{c All^WHiv^ + II^WII^)^}. (5.20) 

J 
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Based on the above crucial estimates, we can finish the proof of Theorem 11.21 following from the 
subsequent steps of the proof of Theorem ll.il We would like to skip the details, for conciseness. 
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